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Henri Faure:
@ How to generate sequences (Xn),~4 in [0, 1) with small
discrepancy Dy

@ How to generate point sets (x,),_;__y in [0,1)% with small
discrepancy

@ atleastfor N — ~
for N large
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What means “small discrepancy”?
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What means “small discrepancy”?

discrepancies: Dy, ;(,,L%J); 1<p<o
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What means “small discrepancy”?
discrepancies: Dy, Dy, L%J); 1<p<oo

3¢,¢", Cp > 0 such that for all (xp),,~ in [0, 1)

Dy C- IO?VN for oo many N
Dy > ¢*- IO?VN for oo many N

W.M. Schmidt, 1972
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What means “small discrepancy”?
discrepancies: Dy, Dy, L%J); 1<p<oo

3¢,¢", Cp > 0 such that for all (xp),,~ in [0, 1)

Dy C- IO?VN for oo many N
Dy > ¢*- IO?VN for oo many N

W.M. Schmidt, 1972

I0ogN

N

K.F. Roth, 1954 for2 <p< oo
W.M. Schmidt, 1977 for1 <p <2
G. Halasz, 1981 forp=1

LS\’,)) > Cp - for co many N
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These bounds best possible (apart from constants):
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These bounds best possible (apart from constants):

e.g. van der Corput-sequence (Xp) >+ :

_ logN
5 logN

Dy forall N

D, < c% for all N
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These bounds best possible (apart from constants):

e.g. van der Corput-sequence (Xp) >+ :

_ logN
5 logN

Dy forall N

D, < c% for all N

symmetrized van der Corput-sequence (Xp) > +:

VIOgN N

N all 1<p<oo

LS\‘,)) <Cp-

R. Kritzinger and F. Pillichshammer, 2015
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Hence makes sense to define the (one-dimensional)
discrepancy-constants:

e N - Dy(w)
o i= INfl _—
e =M gy

- N - Dy (w)
—infl L NV
W Tog N

N - L(p)(W)
¢, = inf limsup — N~~~
P N—>oop \/IogN

w sequence in [0, 1).
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Exact values of ¢, ¢*, ¢, not known!
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Exact values of ¢, ¢*, ¢, not known!

What is the “best distributed” sequence (xp),~ in [0, 1)
(with respect to Dy, Dy, L%’))?
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Exact values of ¢, ¢*, ¢, not known!

What is the “best distributed” sequence (xp),~ in [0, 1)
(with respect to Dy, Dy, L%’))?

= estimates for ¢, ¢*, ¢p
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0.06015... < c* < 0.222223.. ..

Bejian, 1982 Ostromoukhov, 2008
slightly improving
Faure, 1992
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0.06015... < c* < 0.222223.. ..

Bejian, 1982 Ostromoukhov, 2008
slightly improving
Faure, 1992

improved to
0.06566... < c*
L., Puchhammer, 2016
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0.06015... < c* < 0.222223. ..

Bejian, 1982 Ostromoukhov, 2008
slightly improving
Faure, 1992

improved to
0.06566... < c*
L., Puchhammer, 2016

0.0515599 < ¢, < 0.3209...
Hinrichs, L., 2015 Faure, 1990
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0.1203... < cy, < 0.353494

Bejian, 1982 Ostromoukhov, 2008
slightly improving
Faure, 1992
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0.1203... < cy, < 0.353494

Bejian, 1982 Ostromoukhov, 2008
slightly improving
Faure, 1992

improved to
0.1211 ...
L., 2017
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Some notes:

Bejian

0.1203... < c
\

Bejian

0.06015... < c*

(since Dy < 2 - Dy, always)
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Some notes:

Bejian

0.1203... < ¢x hard to prove!
\

Bejian

0.06015... < c*

(since Dy < 2 - Dy, always)
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Some notes:

Bejian

0.1203... < ¢x hard to prove!
\

Bejian

0.06015... < c*

(since Dy < 2 - Dy, always)

L., Puchhammer
0.06566 ... < c* easier!
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Some notes:

Bejian

0.1203... < ¢x hard to prove!
U

Bejian

0.06015... < c*

(since Dy < 2 - Dy, always)

L., Puchhammer
0.06566 ... < c* easier!

L.
0.1211... < ¢4, even harder!
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Some notes:

0.06566... < c* < 0.222223. ..
1
3(Xn)p>1  S:-th.

Dy, < 0.222224 ... . 99N
for all N large enough!
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Some notes:

0.06566... < c* < 0.222223. ..
1
3(Xn)p>1  S:-th.

* log N
D;, < 0.222224 . ... '9N

for all N large enough!

indeed: holds for N very large only
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_IogN

Dy <0.22224 . ..
forall N > Ny

=
3(X17}’1)a---7(XN07}/N0) € [071)2

with Dj, < 0.22224 - %1
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D, < 0.22224.... 9N

forall N > Ny

=
3(X17}’1)a---7(XN07}/N0) € [071)2

with Dj, < 0.22224 - %1

Consider “best” point sets (x1, y1), ..., (xNo,yNO) €[0,1 )2 with
respect to Dy, :
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|Og NO

Dy, < 0.22224 . ?
0
e.g.: Np = 6, White 1975
best configuration at all
N log 6
Dg = 0.5581 - 5
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|Og NO

Dy, < 0.22224 . N ?
e.g.: Ny =16
best configuration found until now
. log 16
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Remark on 16-point set:

first approach:
best (0,4,2)-net in base 2

log 16

Djs = 0.9918 -
o = 0.9918- =

= “optimal” perturbation of net:
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“optimal” perturbation of net:

log 16
16

Djs = 0.51845 -

(compare with D7 = 0.4396 - 2916
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0.1203... < Cx
Bejian, 1982

0.1211... < cx
L., 2017

idea of proof:
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K subinterval of [0,1), UecR"

Ex(U) = #{1<n<U|xeK}—U \K)
Dk (U) = ;?/%%'EK/(U)‘

N
Mi(N) = /1\//0 Dy (U) dU
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K subinterval of [0,1), UecR"

Ec(U) == #{1<n<U|x)eK}—U-A(K)
Dk (U) = sup |Ex (V)|
K'cK
1 N
My (N) = N/ Dk (U) dU
0
length(L) = 1 - length(K)
K
[ . |
a B
r T !

Mic(N) > 3 (M (N) + My (W) + 5 220

main result!
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1 a—2

Mi (N) = 5 (ML(N) + My (N)) +

main result!
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a B
: 'T :
My (N) > (M, (N) + My (N)) + ~2—2
K 2\t o 4(a—1)
main result!
Mk (N) > ... > 109N - 7z% 2552
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a B
\ T Y
My (N) > (M, (N) + My (N)) + ~2—2
K 2\t o 4(a—1)
main result!
Mk (N) > ... > 109N - 7z% 2552
=3K, U
1 log N a-—-2
_ , > .
N Ex (Ul = =5 4(a—1)-loga
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a B
\ T Y
My (N) > (M, (N) + My (N)) + ~2—2
K 2\t o 4(a—1)
main result!
Mk (N) > ... > 109N - 7z% 2552
=3K, U
1 log N a-—-2
_ , > .
N Ex (Ul = =5 4(a—1)-loga

optimal choice of a
= result of Bejian
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How to improve?
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How to improve?

K
I
r \
a B
L Y A Y A Y J
L T L

Mic(N) = 3 (ML (N) + My (N)) + 4220

main result!
Cannot be improved! Best possible!
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How to improve?

Mic(N) = 3 (ML (N) + My (N)) + 4220

main result!
Cannot be improved! Best possible!

But: Cannot be best possible in two successive steps

her, Johannes Kepler Universitat, Linz

On discrepancy and pair correlation



Kq=L T Ky=L
I A v A Vv 1 1
a B
! Lty
Ly T, Ly L, T L,

Bejian’s inequality =

Mc(N) > 3 (M, (N) + My (N) + My, (N) + My (V) +
5 a-2
TS i@
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= -4 — =X

Bejian’s inequality =

Mc(N) > 5 (M, (N)+ My (N) + M, (N) + M (N)) +

4
can be improved to
Mic(N) > (M, (N) + My (N) + M, (N) + My (V) +
L 2. a-—2 1

_|_
4-(a-1) 1e6a(a—1)*(a+1)
= improvement of ¢,
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Dear Henri!

Many Thanks for a lot of great results, and all
the best for you and your family!
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